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Abstract 



We consider the Schrodinger operator on nanoribbons (tight-binding models) in an ex- 
ternal electric potentials V. The corresponding electric field is perpendicular to the axis 
of the nanoribbon. If V = 0, then the spectrum of the Schrodinger operator consists 
of two spectral bands and the flat band (i.e., the eigenvalue with infinite multiplicity) 
between them. If we switch on an weak electric potential V — > 0, then we determine 
the asymptotics of the spectral bands for small fields. In particular, we describe all po- 
tentials when the unperturbed eigenvalue remains the flat band and when one becomes 
the small band of the continuous spectrum. 

1 Introduction 

After their discovery (nj, carbon nanotubes remain in both theoretical and applied research 
SDD) . Last years physicists consider also nanoribbons and in particular nanoribbons in 
external electric fields, see |SCL| . We consider the Schrodinger operator H = A + V on 
the nanoribbon T (a tight-binding model of single- wall nanoribbons, see |SDD| . [N]) in an 
external electric potential V. The electric field is perpendicular to the axis of the nanoribbon. 
Our model nanoribbon r C K 2 is a graph, which is a set of vertices x n fc and bonds (edges) 
r n ,fcj given by 



where N fc = {l,-,k} C N and N° k = N k U {0}. See Fig ffl for the case N = 3. We 
define the discrete Hilbert space i 2 (T) consisting of functions f n ^ on the set of vertices 
x = {x n ,k, {n, k) e Z x N p },p = 2N + 1 equipped with the norm ||/||| 2 ( r ) = \ fn,k\ 2 - Tne 
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A horizontal nanoribbon at N = 3, k 6 {1, 2, .., 7} in the vertical electric field. 



Laplace operator A and the potential V are given by 

{^f)n,2k+l — fn,2k + fn-l,2k+2 + fn,2k+2, k G N° N , 

(^/)n,2fc = /n,2fc-l + /n+l,2fc-l + fn,2k+U k e ^at, (1.2) 

/n,o = /n, P +i = o, p = 2^v + i, n e z, / = (/„,fc)(„,fc) e zxN p e £ 2 (r), (1.3) 
(Kfkfc = Ufc/n,ft, (n, fc) e Z x Np, (1.4) 
Our electric potential is given by (11.41) . since the electric field is perpendicular to the axis of 
the nanoribbon. In fact we consider the Schrodinger operator H on the set Z x N p with the 
Dirichlet boundary conditions (11.31 1 . We formulate our preliminary result. 

Theorem 1.1. i) The operator H = A + V is unitarily equivalent to the operator f^ 2 w) ^ a ^> 
where p x p matrix J a , a = 2| cos =| is a Jacobi operator, acting on C p and given by 

(J a y)n = a n _i?/ n _i + a n y n+1 + v n y n , y=(y n ) p 1 eC p , y Q = = y p+1 , p = 2N+l, 

t , 



a 2n+ i = a = 2 1 cos 



2 1 ' 



1, neN N . (1.5) 



T7ie spectrum of H is given by 



N 



a(H)= |J a„, a* = A fc ([0,2]) 



-JV 



[At;,a+], A;^0 
[A+at;], fc<o' 



(1.6) 



where A_Ar(a) ^ A_Af+i(a) ^ ... ^ A at (a) are eigenvalues of J a . Moreover, A n (-) is rea/ 
analytic in a G [0,2] and i/a/0, iaen A_Ar(a) < A_Ar+i(a) < ... < A^a). 

Remark. 1) The matrix of the operator J a is given by 

/ vi a .. \ 

a f2 1 ..0 

J a = 1 .. = J a ° + diagK)?, « = (^Gr. (1.7) 

V .. 1 v p J 



2) Exner |Ex| obtained a duality between Schrodinger operators on graphs and certain (de- 
pending on energy) Jacobi matrices. In our case the Jacobi matrices do not depend on 
energy. 

We describe the spectrum of the unperturbed operator A. Let X°_ N (a) ^ X°_ N+1 (a) ^ 
... ^ Ajy(a) be eigenvalues of J° corresponding to A and let Z^ = {— N, ...,N}. 

Theorem 1.2. Let V = and let Ck = cos s& = sin j^, k G Zjy. Then 

\°_ k (a) = X° k (a) = (a 2 - 2ac k + 1)*, fc G N/v, Ag(a) = 0, a// ae[0,2], (1.8) 



A? 



a(A) = <r oc (A) U a pp (A) = |J a° k , a pp {A) = a° = {0}, 

—N 

a ac (A) = [-X° N (2),X%(2)} \ (-s 1)Sl ), A° w (2) = (5 + 4 Cl )i, (1.9) 



A = ^° = [A?", Aj + ] = \ [ Sfc) C " < ° , a« * e N*. (1.10) 

' [1, Ag(2)], /./ C fe ' 



Remark. 1) The a.c. spectrum a ac (A) consists of two spectral bands [— Ajy(2), — s±] and 
[si, Ajy(2)] separated by the gap 7 = (— sj, si) and A has the flat band (Tq = {0}. 

2) Note that the gap length |t°| = 2s x = ^(1 + o(l)) as iV — > 00 (see also [SCLjl 

3) The following spectral intervals a% \ cr^_ 1 = (X%_ 1 (2), X° N (2)} and a® \ a® = [si, S2) has 
the spectrum of A of multiplicity 2. 

Consider the spectrum of H for a small potential V — > 0. In this case the spectrum of 
H will be the small perturbation of the spectrum A. Under the perturbation V all spectral 
bands a k , k 7^ of A will be again spectral bands cx^, k 7^ of the operator H. The more 
complicated case of o"o will be considered in Theorem 11.41 and 11.51 In the following theorem 
we determine asymptotics of ov Below we will sometimes write Ajt(a, v),ak(v), .., instead 
of Afc(a),(Tfc, .., when several potentials are being dealt with. Let ||t>|| 2 = Y7i v n- 

Theorem 1.3. i) Each eigenvalue Xk(a,v),±k G N n 0/ J a is a real analytic function of 
(a,v) G (0,2] x W and ±<9 2 A fc (a,i>) > 0, ±k G N n /or a G [5,2] /or eac/i small S > and 
sufficiently small v. Moreover, Ao(-, •) is analytic in the neighborhood of (0,0). 
nj // ||f || 2 = J2i \ v n\ 2 —> and k ^ 0, then 

A fc (i>) = s fc sign fc + + <AlMI ), |fc| < — ^— , (1.11) 

X^(v)= sign k + 0(\\v\\), \k\>^±±, (1.12) 



A^) = (5-4c fc )^signA: + ^|^ + 0(||,|| 2 ), C 1 ^) 



n=l ^A^n+l — (5-4c fc ) 
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The following Theorems 11.41 and 1 1 . 51 are our main result about the spectral interval a ^ 
(or the flat band a ) as v -> 0. Let H = {f E £ 2 {T) : Hf = vj}. 

Theorem 1.4. «J The spectral band <Jo(v) of H is a flat band and o~o{v) = {Ao(a)} = {i>i} 
(an eigenvalue of H) iff v 2k+ i = V\ for all k e Nat. 

ii) Let a (v) = {vx} and let Sh = (h n+1 ) neZ for h = (h n+1 ) neZ 6 £ 2 (Z). Then 
H = {fe e 2 (T) : Hf = vj} = {f= (f n , k )(n,k)e^ p G ^ 2 (r) : 

(/n, 2fc+ i)n 6 z = (-/ - 5) fc /i, (/ n , 2fc ) n6Z = 0, k e N N , h = {h n ) neZ e £ 2 (Z)}. (1.14) 

mj Le£ cr (w) = {vi}. Define compactly supported functions ip m = (ip™k)(.n,k)eZxN p E H,m E 
Z by 

4>r=KkUz, tf£ = 0, ^ k+1 = (-I-S) k e m , keN%, (1.15) 
where e m = (b~ n ,m)ne_i G ^ 2 (Z). T/ien eac/i f ETC has the form 

J=^/ m ^ m , fm = f m ,l- (1-16) 

Moreover, the mapping f — > (f m )m& is a linear isomorphism between 7i and £ 2 (Z). 

Remark. Due to (11.161) each compactly supported eigenfunction has the form / = / m ^ m 
for some a, /3. 

Theorem 1.5. i) Let \\v\\ 2 = Yfi K| 2 -> 0. Then 

A (a, v) = F(a, v) + 0(\\v\\ 2 ), F(a, v) = ^ fc =V^T > l 1 - 17 ) 



a 2fc 
Z^fc=o u 



An (v) = min F(a, u) +0(\\v\\ 2 ), Xt (v) = max F(a, v) + 0(\\v\\ 2 ). (l.tt 

oe[0,2] aG [0,2] 



i«J Ze£ = V\ ^ ^ .. ^ v p and < v p . Then the following asymptotics hold true 

3 N 

\-(v) = 0(v 2 p ), \+( v ) = - F7 - r —Y,4 k V2 k+ i + 0(v 2 p ) as v^O. (1.19) 

k=l 

Moreover, if V\ < v 3 ^ v p ^ Ci^ for some C > 0, then the function Xq(-,v) is strongly 
increasing on [0,2] for sufficiently small v p and the spectral band <Tq(v) has the spectrum of 
H of multiplicity 2. 

Remark. 1) The first term of asymptotics of a depends on the odd components v 2k+ i 
of the potential. Moreover, a (v) is a flat band iff all odd components v 2k+ i = 0. 
2) If v x ^ and all odd v 2k +i = 0,k ^ 1, then a°(v) = \vi\(l - jntt^t) + 0(\\v\\ 2 ). 

Example of the constant electric fields. Consider the electric field given by £ = 
£o(0, 1) G M 2 , where So > is the amplitude. The corresponding electric potential V(x,y) = 
Soy, (%, y) G M. 2 is increasing in the vertical direction and 

v 2k+1 = ek, k = 0, 1, ., N, 
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for some e > 0. We assume that the electric field is weak V — > and then e — > 0. Thus 
asymptotics ( 11.191) give 

A » = O(e 2 ), A+(^)=4eC p + 0(6 2 ), C p = 4iY 3 ( ( 4 2 I + 7^ i y 3 (1-20) 

as e — > 0. Thus if we switch on the constant electric field, then a(H) = a ac (H) and 
\a {v)\ = 4:sC p + 0{e 2 ) > for small e > 0. 

Strong electric fields. We consider the nanoribbon in strong electric fields. Our 
operator has the form H(t) = A + tV as the coupling constant t — > oo. In this case the 
corresponding Jacobi operator depends on t and is given by 

(J a {t)y)n = dn-lVn-l + O-nUn+l + tv n y n , y = {y n )n& € C p . (1.21) 

We study how the spectral bands a k (tv) = [\£(t), X^(t)], k G Z N of the operator H(t) 
depend on the coupling constant t — > oo. 

Theorem 1.6. Let H{t) = A + tV with V\ < .. < v p and let t — > oo. Then 

t w fc _i - v k v k+l - v k 

v = v p+1 = 0, rf = rj +1 = 0, rf n+1 = 1, = 0, rj n = 4, n G Nat, (1.22) 

4 _l Oft- 1 ) 

|<r fc _ 7V _ 1 (it;)| = ^ J —, ke%\{p}, and \a N (tv)\ = 0(t~ 2 ) (1.23) 

for any k G N p , where each spectral band o~ k (t), k ^ N has multiplicity 2. 

Note that (11.221 ) implies a k (t) n <7j(t) = for any k ^ j, k,j G Z N as t — > oo. 

A carbon nanoribbon is a strip of the honeycomb lattice, i.e., a cut graphene sheet, see 
a horizontal ribbon in Fig. 1. There are mathematical results about Schrodinger operators 
on carbon nanotubes (zigzag, armchair and chiral) of Korotyaev and Lobanov [KL], |KL1| . 
|K1| . Kuchment and Post |KuP| and Pankrashkin |Pk| . All these papers consider so-called 
continuous models. But in the physical literature the most commonly used model is the 
tight-binding model. For applications of our model see ref. in |ARZ| . (Hj, |SDD| . 

In the proof of our theorems we determine various asymptotics for periodic Jacobi op- 
erators with specific coefficients, see (11.51) . Note that there exist a lot of papers devoted to 
asymptotics and estimates both for periodic Jacobi operators and Schrodinger operators see 
e.g. [KKulj . [KKr] . [La] . [vMoU] 



We present the plan of our paper. In Sect. 2 we prove Theorems 11.11 and ll.2[ In the 
proof Theorem CEJ] we use arguments from |KL| . In Sect. 3 we prove Theorems 11.31 - fL6l 



2 Preliminaries 

Proof of Theorem II. 1L i) For each (f n ,k)(n,k)e%x'N p G £ 2 {T) we introduce the function 

^ = (/n,*)nez e ^ 2 (Z), k G Np, p = 2N + 1 and tp = (<iP k ) k eN p G (£ 2 (Z)f. Using (O) and 
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{y f)n,k = Vkf n ,k for any (n, k) G Z x N p , we obtain that the operator H : £ 2 (T) — > ^ 2 (T) is 
unitarily equivalent to the operator K : £ 2 (Z) P — > £ 2 (Z) P , given by 

(Kip) 2 k+i = ip2k + v 2 k+i^2k+i + (/ + S~ 1 )4> 2 k+2, ^0 = ^+1 = 0, keN° N , 

{Kip) 2k = (I + S)i) 2 k-i + v 2 k4>2k + i>2k+i, k e N N . 
where the operators Ih = h and Sh = (/i n +i)nez, h = (h n ) ne i. We rewrite K in the matrix 



form by 



( V! I + S' 1 .. \ 
I + S v 2 I .. 
I v 3 .. 



^2 
^3 



(2.1) 



\ .. I v p J 

Note that = i^, since S* = S" 1 . Introduce the unitary operator $ : ^ 2 (Z) P — > 
J^^of, «#o = C p , by $(V> fe )? = (<^fc)i, where : £ 2 (Z) -> L 2 (0,2tt) is an unitary 
operator given by 



Ant 



27T 



h= (h n ) nez G £ 2 (Z), tG [0,2tt]. 



Then we deduce that $ p K$ p 1 = Jj 27r N ^t||> where the operator J t : — >■ J^o has the 
matrix given by 



( 




l + e ft 





.. \ 


1 


+ e -it 




1 


.. 







1 


V3 


.. 


V 










1 v p J 



2/2 
//:: 



, y = (y k y i e£ p . 



The matrix J t is unitarily equivalent to the matrix J a , a = 2 \ cos 



1 1 + e lt | , given by 



Ja 



( v\ a 
a v 2 1 
1 v 3 



\ 






1 v p J 



J a ° + diagKX J° a 



( a 
a 1 
1 



\ 






\ .. 1 / 



(2.2) 



Thus we deduce that the operator H is unitarily equivalent to the operator J^ Q2 ^ Ja^- 

ii) From the spectral theory of Jacobi operators |vM| we obtain that eigenvalues A&(a), k G 
Z N of J a satisfy A_jv(a) ^ X-N+i( a ) ^ ••• ^ Ajv(a)- Moreover, if a 7^ 0, then A_A?(a) < 
A_jv + i(a) < ... < Ajv(a). The perturbation theory gives that A n (-) is real analytic in a G [0, 2]. 
Then the standard arguments for periodic operator (see Sect. XIII, 16 [RS]) and i) give the 
proof of ii). ■ 
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Below we need the well known facts about Jacobi matrices. Let a ^ 0. Introduce the 
fundamental solutions (p n = <p n (X, a, v), i? n = i? n (A,a, v), (X,a,v) G C x M + x M 2Ar+1 of the 
system of equations 

ayik - (A - v 2 k-i)y2k-i + V2k-2 = 0, y 2 k+i - (A - v 2k )y 2k + ay 2 k~i = 0, k G N;v+i, 

with conditions: $o = 0, i?i = 1, = 0, <p± = 1, and = v\. The solution v?fc has the 
following form 

^ - M k ( M , (2.3) 



where M k is the monodromy matrix, given by 
M k =( ® 2k ^ )=T k ..T u T k = l -( ~\ , . w7 V2k ~ l . 2 I. (2.-1) 



/&2k+i ¥2k+i J " " a \ v 2 k - A (X- v 2k )(X- v 2k -i) - a 

Consider the spectrum for the unperturbed operator A. 
Proof of Theorem EH Using ((231), Q), we have that 

<P2k \_ T k(0\ rp _ 1 ( "I A 

1 V 1 1_ al-A A 2 -a 2 

The eigenvalues r± and eigenvectors e± of the matrix Mi are given by 

r±v /f^T4 / a \ A 2 1 , , 

2 Va + T ±/ « a 

and satisfy 

t+ t_ = det M 1 = 1, ( 1 ) = " ~ e ~)' 

Then we get r± = e ±l£ - and cos£ = §. Assume that r + 7^ r_, then 



( J 2 " ) = MKe + ~ e_) = (r k + e, 

\ f2k+i J t + — t_ r + — r_ 



which yields 



Xt 1 ? — r h X sin A;£ r 

</?2fc = = : , cosf=- 

a t + — r_ a sin x 2 

1 - r fc r^ +1 - r fe+1 sin A;f sin(A; + l)f , . 

p 2 fc+i = - — - + - — = —^+ ~. c - • (2.6 

a r + — r_ r + — r_ a sm x sm 4 

All our functions are analytic, then (12.6P holds true for all A, except finite numbers of A. 
Moreover, tp n is a polynomial, then we obtain (12.61) for all A G C. 

In order to determine X k (a) we calculate all zeros of the function ip p+ i(-, a) = and (12.61) 
yields Oil , i.e., X° Q (a) = and X°_ k (a) = -Ag(o), fc G Njy, where 

X° k (a) = \a 2 -2ac k + l\^ = \(a - c k ) 2 + s 2 k \^ all a G [0, 2]. (2.7) 

and Cfc = cos j^-, = sin-^j. The proof of ( ll.9p -( lTTT0l) follows from the analysis of the 
function X k (a), see 02.71) . This function is monotonic on the intervals [0, c k ], [c k ,2] and has 
the extremum at a = c k such that A°(cfc) = s k . Note that c k G [0, 1] only for |fc| ^ 2^- ■ 
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3 Proof of main Theorems 



In this section we consider the spectrum of H as v — » 0. Let d a = and dj = 
Proof of Theorem II. 3L i) Consider the case k > 0, the proof for & < is similar. It 
is well known (see e.g. |K2| ) that each eigenvalue X k (a,v) is a real analytic function of 
(a, u) G (0, 2] x R p and in particular Ao(-, •) is analytic in the neighborhood of (0, 0). Identity 
(11.81) gives that d^X k (a, 0) > 0, a G [8,2] for some small 8 > 0. Then the analyticity of 
Afc(a, u) in (a,v) implies d%Xk(a, v) > 0, for all a G [5,2] and for sufficiently small v. 
ii) Consider the case |fc| < We have 

min A fc (a, 0) = A fc (c fc ,0) = s k < \ k (a, 0), a G [0, 2] \ c k . (3.1) 

ae[0,2] 

Using <9 a Afc(c/c, 0) = and 9^Afe(cfc,0) > and the Implicit Function Theorem we deduce 
that there exists an unique function z k {v) (analytic in ||t>|| ^ 8 for some 8 > 0) such that 
9 a X k (z k (v), v) = and dlX k (z k (v) , v) > for all \\v\\ ^ 5 and z k (0) = c k . Finally we have 

Ar(i>) = min X k {a,v) = X k (z k (v),v), 

as [0,2] 

G>,A fc (0) = d a X k (a k (0),0)d j a k (0) + d j X k (a k (0),0) = ^A fc ( Cfc ,0). (3.2) 
Using i) and the perturbation theory, we obtain 

^(sk,Cfc,0) 

ELl Vn(Sfc,Cfc,0) 

Note that (23} and gives 



0) = _ J n , . (3.3) 



5^ 1 JvTT 

2 cos Cfc = — - c k = -2cfc, £ fc = vr 



c fc c fc N + 1 



Sfcsmnxfc (-l) n+1 s nfc 

<^2n(Sfc,Cfc,0) = : = , 

c fc sin x fc c fc 

^ lK ,c t ,o) = i=2f* + !==f* = ( -i).ffciSi + (-u-if-t 

— ( j) ra grafcCfc ~ CnkSk _|_ ( -^jn— 1 _ ^ ^n-l C "fc ^ 



Thus identities ((321)- ((331) imply 

5>^ fc , Cfc ,o) = a,A fc -(o) = <| 



n=i °k 1 7v+i ' J = 2n-I 

and the Taylor formula yields (II. lift . 
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Consider X k (v) for the case \k\ ^ ^±±. Asymptotics ( H7T21) follow from ([L8jl . since 
Afc(a, 0) is monotonic in a G [0,2] and Afc(0,0) = sign A;. 

Consider the asymptotics of \ k (v) for the case k ^ 1, the proof for A; < is similar. 
We have that 

A^(w) = max \k(a,v) = A fc (2,i;) (3.5) 

a£[0,2] 

for sufficiently small t> , since at v — it follows from (11.81) and for small v it follows from 
analyticity of Xk(a, v) on (0,2] x W. Then the perturbation theory yields 

a,A fc (2,0)= v / j2( ^'°! nv /i = A° + = A fc (2,0) = (5-4c fe )i (3.6) 
We will calculate <£> n (/i, 2, 0). Using again (12.5D and ( 12.61 ) we obtain 

2cos4 fc = — - 2 - - = -2c k , 4fc = 7T — 



2 2 ' ^ iV + 1' 

AW0) = i^^ = ^ = ^(l-< ta ), £ 2,0) = , (3.7) 

i sin ^ „_! 



n=l 

and 

2 /sinn^fc , sin(n + l)£ fc \ 2 /s nfc S(n+i)fc\ 2 
^2n+l(^ 2, 0) = . H — = 



S nk , S (n+1)A: S n fcS( n+ i)fc 1 — C 2n A; + 4(1 — C 2 ( n +l)fc) ~ 4(Cfc — C( 2 n+l)fc) 

772 72 12 - ^72 

^ 6 fc 6 fc b k ° b k 

fJ 2 C 2 nk + 4:C 2n k+2k ~ ^C 2n k+k 2 / on\ /J 2 (A + 1) 

= R R ' ^ 2 ' 0) = 



(3.8) 



2AT+1 N N 

2, 0) = Vi+ifa 2- °) + E 2 ' °) = ~ ~ ( 3 - 9 ) 



,u 2 (A_+l) 

n=l n=0 n=l re 



where the identity Yln=$ c nk+a = J2n=o s nk+a = was used for all 1 ^ |A;| ^ A and a G 
Then substituting (13.7l) - (13.9p into (13.61) and using (13.5p . the Taylor formula gives (11.13H . 

We consider now the "small spectral band" <Jo(v) of H as v — > 0. 
Proof of Theorem II. 4L i) Sufficiency. If Di = u 3 = .. = i>2iv+i = 0, then (12.4ft gives 

T k = T fc (0, a, u) = - ( 1 °2) 5 and T N+1 T N ..T 1 = " 
a \ t>2fc -a / 

which yields ^ p+ i(0, a, u) = for all a G (0,2]. Then A = is an eigenvalue of each 
J a ,ae [0,2]. 
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Necessity. Without loss of generality we assume that Vi = 0. Suppose A = is an eigenvalue 
of H. Then (p p+ i(0, a, v) = for infinity numbers of a G (0, 2]. But a N+1 tp p+ i is a polynomial 
of a, then we obtain (p p+ i(0, a, v) = for any a. We have 

T fc = T k (0,a,v) = - ( 1 W2fe_1 2 



a V V 2k V 2k V2k-l ~ a 

Thus due to (12.41) simple calculations gives 

1 / .. 0(a 2fc_1 ) 



Then 



-l) fc a 2fc + 0(a 2 



fe+l„ „2iV , n(r,2N-l\ 



a N+1 



.. {-l) k+1 v p a 1N + 0{a 1N - 1 ) 



which yields a^+Vp+iCO, a, v) = (-l^+^a 2 * + 0{a 2N ' x ). Using identity ^ p+ i(0, 



a, v) 



for all a, we obtain v p = and then 



A/f 1 ( -1 \ 1 f •■ -o V2jv(0,o,u) 

a \ v 2 n+2 —a J a JV+i 

which yields <£>2Ar(0, a, = — ay?27v+2(0, a, t>) = for all a. Repeat arguments as above for 
the function <^2iv(0, a, t> ) = 0, a G R we obtain v 2 n-i = and so on. 

ii) Now we describe eigenfunction / = (f n ,k)ixn v G ^ 2 (T) such that Hf = 0. Recall that 
the statement i) yields that each v 2k +i = 0, k G Njy. Define ^ = (/ n ,fc)neZ) & N p . Then, 
using (12.ip . we obtain that tp = (tpk)i N+1 satisfies Kip = and (12.11) gives the first equation 

v^t + (/ + S- 1 )^ = (/ + S- 1 )^ = 0. 

Any G £ 2 (Z) and ^2 = are all solutions of this equation. Substituting if) 2 = into the 
second equation in (12.1ft . we obtain 



(/ + S^Vi + v 2 i; 2 + ^ 3 = (/ + 5)^1 + ^3 = A ^2 = 



which yields ^3 = ( — I — S)ipi and so on. 

iii) Let / = Y^mjrni> m ■ The definition of / yields h = (f n ,k)nez = (/„,fc) ne z^and the 
statement ii) gives f — f. The similar arguments imply that the mapping / — > (f m ) m ez is 
a linear isomorphism between Ti and £ 2 (Z). ■ 

Proof of Theorem II. 5L i) Consider the eigenvalue Ao(a, u), which is a zero of -R(A, a, v) = 
a N+1 Lp p+ i(\, a, v ) and Ao(a,u) is a perturbation of A°(a) = Ao(a, 0). Note that R is a poly- 
nomial and R(X, a, v) = X p + 0(X 2N ) as A — > oo. 
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Consider R(X, a, 0). Recall that A[j(a) = is a simple zero of R(X,a,0) for all a G [0,2]. 
The function R(X,a,v) is a polynomial of degree p in A, whose coefficients are polynomials 
in the components of a, v. Therefore, its roots X n ,n G Zjv are continuous functions of 
(a, i>) G [0, 2] x M p . Moreover, these roots are simple, then they are real analytic on [0, 2] x W. 

Using Theorem 11.31 i) , we obtain 

v 

X (a,v) = X (a,0) + J2 d kMa,0)v k + 0(\\v\\ 2 ), 
fc=i 

uniformly in \a\ + \v\ ^ S for some small 8 > 0. Using (12 . 6f) and (|2. 51) we deduce that 

p N 

<p 2k {0, a, 0) = 0, ^ 2k+1 (0, a, 0) = (-a) fc , ^ ^(0, a,0) = £ = A 

j=l fe=0 

which yields 

„ w„ m _ ¥&(0,M) _ n fl \ / q\ _ 4iM _ ^(o 2 - 1) 
C2fcAo(,a, UJ — — — U, o 2k+ iA {a, 0) — — — a2N+2 _ | • 

Thus 

V^JV 2k 

A (a, v) = F(a, v) + 0(\\v\\ 2 ), F(a, v) = • 

which yields (fTTFL OHjl . 

ii) Let u -> 0. Using F(0,u) = and F(2,u) = iivfc Ef=i 4 Sfc+i and fTTTTTH . ffTTSl) 
and Lemma [3TTL we obtain (11 . 19h . Moreover, If v\ < v 3 and v k ^ Cv\ then A (a, v) is strictly 
increasing for a G [0,2], see Lemma [3721 ■ 

Lemma 3.1. Lei V\ ^ 1*3 ^ .. ^ v 2 n+i o,nd V\ < ^jv+i- Tften i/ie function F(-,v) is strictly 
increasing on [0, 2] and oiwen 6?/ 

F(a, u) = w 2 jv+i - 5Z(«2fc+i - V2k-i) 2(JV+1) _ 1 • (3.10) 
fc=i 

Proof. We have that 

F(a w) = (£? v 2k+1 a 2k ){a 2 - 1) _ ^ + ia 2 ^ +1 ) + £f (t**-i - ^ + i)a 2fe - Vl 



a 



2(iV+l) _ ! a 2(7V+l) _ 1 



- W27V+l-2^( V 2fc+l-V 2 fe-l) 



a 2(JV+l) _ 1 ^ iv+1 ^V-^ft+i -M-iy a 2(AT+l) _ 1 

k=l 

Then the function F(-, v) is strongly increasing on [0, 2], since the function — is strongly 

2k 1 

increasing in x ^ for any r > 1 and then — spr+ryzr is strictly increasing for a > 0. ■ 
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Lemma 3.2. The function n{z,v) = Xq(-\/z,v) is real analytic in 

(z, v) G n s = x B s , Q} = {zeC: dist(s, [0, 4]) < 5}, B s = {veW: \\v\\ < 5}, 

for some 8 > 0. Moreover, the function F(z, v) = fi(z, v) — F(-\/z, v) satisfies 

\F(z,v)\ + \d z F(z,v)\^C \\v\\ 2 , (z,v)eQ s , (3.11) 

for some constant Co. Furthermore, if = v\ < v 3 ^ .. ^ v p < cv^ for some c > 0, then 
d z fi(z, v) > for all (z, v) G [0, 4] x Bg for sufficiently small S > 0. 

Proof. The identities (M.llIOl) imply (p p+1 (X, -a,v) = (-l) N+1 Lp p+1 {X,a,v). Then we 
obtain \o(a,v) = Xo(—a,v) for sufficiently small v, since ip p+ i(Xo(a,v),a,v) = and Xo(a,v) 
is a simple root of the polynomial (p p+ \(X, a,v) for sufficiently small v. Then, the Implicit 
Function Theorem gives that Xo(a,v) is real analytic in and the new function fi(z,v) = 
A (\/i, v), z = a 2 is real analytic in Q 3 s, since Ao(a, v) = Ao(— a, v). 

This result and (11.171) yield \F(z,v)\ ^ Ci||-u|| 2 for all (z, v) G 3(5 and some C\. 

If (zq,v) G 0,5, then fi(z,v) is analytic in z G {J2 — 2o| < 8} and the Cauchy integral 
implies 

1 f nz, V ) ^ . ~, ,,^ci M , ia 



<9 2 f(^) = — / - v ' 2 dz, \d z F( Z(h v)\ < -fh 

2m J\ z - Z0 \ =s [z - z ) 2 5 
since \F(z, v)\ ^ Ci||f|| 2 for all (z,v) G f^. 

1 k 

Let /fe(^) = z n+\_i ) -2 > 0, for fix fc. This function is strongly increasing for 2 ^ and 
A = min z6[0j 4](/i) / (2) > 0. Then using f[37Tn|) . (fBTPTp . we obtain 

iV 

d z /j(z,v) = d z G(z,v) + d z F(z,v) = ^(u 2 fe+i - «2fc-i) (/*)'(*) + d z F(z,v) ^ v 3 A + O^ 2 ) 

fe=i 

which yields d z fi(z,v) > for all sufficiently small i> 3 . ■ 

Proof of Theorem II. 6L Using (11. 71) we rewrite J a (tv) in the form 

J (tv) = t(B + r 1 J°) = t(B + eJ a °), B = diag(v,-)i, as e = - -»• 0. 
Then the perturbation theory (see Sect. XII, 1, |RS|) for £> + e:J° gives 

u 2 

X k - N ^(a,tv) = t(v k - a k e 2 + 0(e 3 )), a k = V — = (e°, J°e°), (3.12) 

z — ' Vj — Vh 

jen p \{k} 3 

for any G N p , here = VjBj and the vector e° = (<5j,n)n=i £ C p . The matrix J° = {m&j} 
is given by (12.2D . where 

[0, Ifc-jl^l, 

= it i)A (a) = < a, j = A; + 1, j G 2N, or j = k - 1, k G 2N . (3.13) 
y 1, of/ier cases 
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Then, each function %,fc(a) is strongly increasing (or constant) in a G [0,2]. Using similar 
arguments as in Theorem 11.51 and Lemma [3721 we deduce that each function Xk(a,tv), k G 
Zjv \ {N} is strongly increasing in a G [0, 2] and for sufficiently large \t\. Note that if k = N, 
then Xn(cl, tv) = tv p + 1 ^ _ v — ^ + 0(t~ 2 ) and our simple arguments do not give that Ajv(a, tv) 
is monotonic in a G [0,2]. Using these arguments and cr fc (t) n cr n (t) = 0, k ^ n (see (13.121) ). 
we deduce that ak(t),k ^ N has multiplicity 2 for sufficiently large t. The endpoints of 
a k (t), k ^ iV are A fe (0,tv) and A fe (2,tv), then (IBTTl . (13131) yield (rL22l b ( 07231) . ■ 
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